
Proceedings of the Project Review, Geo-Mathematical Imaging Group (Purdue University, West Lafayette IN),
Vol. 1 (2013) pp. 291-302.

INTERFACE WAVES ALONG FRACTURES IN TRANSVERSELY ISOTROPIC
MEDIA

SIYI SHAO⇤ AND LAURA J. PYRAK-NOLTE†

Abstract. An analytical solution for fracture interface waves that propagated along fractures in a transversely
isotropic medium was derived for fractures oriented parallel and perpendicular to the layering. From the theoretical
derivation, the existence of fracture interface waves can mask the textural shear wave anisotropy of waves propagated
parallel to the matrix layering. In a case of an intact layered garolite sample, the ratio of vSH (velocity of a shear
wave polarized parallel to the background layering) to vSV (velocity of a shear wave polarized perpendicular to the
layering) was approximately 1.06. However, in the fractured samples, the observed shear wave velocity ratio (vSH

divided by vSV ) was dependent upon the stress and orientation of the fracture relative to the layering. When the
fracture was oriented perpendicularly to the layering, the shear wave velocity ratio was around 1.02 at lower stress
because of the existence of fracture interface waves that propagate with speeds slower than the bulk SH wave velocity.
The ratio increased to the intact value with increasing stress. When the fracture was oriented parallel to the layering,
the shear wave velocity ratio was around 1.12 at low stress and decreased to 1.06 as the sti↵ness of fracture increased
with increasing stress. Shear fracture specific sti↵ness was estimated for the fractured samples using the derived
analytical solution. The interface wave theory demonstrates that the interpretation of the presence of fractures in
anisotropic material can be unambiguously interpreted if experimental measurements are made as a function of stress
which eliminates many fractured-generated discrete modes such as fracture interface waves.

1. Introduction. Discontinuities such as fractures, joints and faults occur in the Earth’s crusts
in a variety of rock types. While much theoretical, experimental and computational research has
examined seismic wave propagation in fractured isotropic rocks, fewer studies have examined seismic
wave propagation in fractured anisotropic rocks (e.g., Carcione, 1996; Kundu, 1996; Carcione, 1998;
Rüger, 1998; Chaisri, 2000; Carcione, 2012). Because the detection of fractures in an anisotropic
medium is complicated by discrete modes that are guided or confined by fractures, i.e., Fracture
interface wave, as well as the anisotropic matrix, to understand the interaction between those two
mechanism of anisotropy (fractures and matrix) becomes the major objective of this paper.

Previous research has shown theoretically and experimentally that the existence of coupled
Rayleigh waves or fracture interface waves, along fractures in isotropic material (e.g., Murty, 1975;
Pyrak-Nolte, 1987; Suarez-Rivera, 1992; Gu, 1996). The existence of those waves depends on the
wavelength of the signal and the fracture specific sti↵ness relative to the material properties of the
matrix. Nihei et al. (1999) showed theoretically the existence of Love waves in an isotropic medium,
where the Love waves are guided by the presence of parallel fractures (Nihe et al., 1999) . Xian et al.
(2001) demonstrated experimentally that leaky-compressional wave guided modes, that can travel
over 60 wavelengths, occur in sets of parallel fractures in an isotropic medium and are sensitive to
the sti↵ness distributions within the fracture sets (Xian et al. 2001).

Over the last decade, several researchers have made theoretical progress in studying fractures
in anisotropic media. For example, Schoenberg derived a second rank compliance tensor (inverse
of sti↵ness tensor) for a vertically fractured transversely isotropic medium with a set of parallel
fractures to theoretically deconstruct the contribution from the fractures versus that from the matrix
(see Schoenberg, 2009). Diner applied the method by Schoenberg and obtained the fracture and
background medium parameters for a monoclinic compliance tensor (Diner, 2011). However, these
e↵ective medium approaches ignore the existence of fracture interface waves and other fracture
guided modes that can a↵ect seismic interpretation. Because these guided modes are frequency
dependent, broadband data can result in the observation of both e↵ective medium as well as discrete
mode behavior, i.e. overlapping scattering regimes. For example, Nolte et al. (2000) demonstrated
experimentally that di↵erent scattering regimes coexist when broadband sources are used (Nolte
et al. 2000). Specifically, they observed the transition from long wavelength to short wavelength
scattering behavior for fracture interface waves was a smooth transition where both interface waves
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represent the fracture are:
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where x and y represent the shear specific sti↵ness of the fracture, z is the normal specific
sti↵ness, while � is a second rank tensor representing stress across the fracture. Superscripts (1)
and (2) indicate the parameters referred in medium 1 and medium 2.

The equations for the velocity of interface waves in an TI medium are expressed as following
(see Appendix A for detailed derivation):
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for the symmetric interface wave, and
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for the antisymmetric interface wave, where ⇠ = CS/C, ⌘ = CS/CP , (C is the interface wave
velocity, CS and CP are shear and compressional wave velocities as in Figure 1), z = z/!ZS is
the normalized normal sti↵ness, and x = x/!ZS is the normalized shear sti↵ness (ZS = ⇢CS is
the shear wave impedance, ⇢ is material density).

Table 2.1 lists all of the parameters from a fractured garolite sample (see Shao et al., 2012)
to solve equation (2.2) and (2.3). Figure 2 shows the interface wave velocities (phase and group)
normalized by the bulk shear wave velocity (polarized parallel to layers) as a function of normalized
fracture sti↵ness z(x). Like the isotropic case, symmetric (fast) and antisymmetric (slow) modes
exist with phase and group velocities that range from the Rayleigh velocity at low fracture specific
sti↵ness (or high frequency), to bulk shear wave velocity at higher fracture specific sti↵ness (or low
frequency).

Table 2.1
Parameter values in solving equations (2.2) and (2.3)

Parameters in Medium 1 and 2 Value
f (Frequency: MHz) 0.21

CP (P wave velocity: m/s) 3060
CS (S wave velocity: m/s) 1514

⇢ (Density: kg/m3) 1365

2.2. Fracture parallel to layering (FH). Similar to the FV medium, equations for sym-
metric and antisymmetric interface waves were also derived for the case when the fracture and the
layers are parallel to each other (the FH medium, see Figure 3).

The equation for symmetric interface waves in the FH medium (see Appendix B for detailed
derivation) can be expressed as:

(2.4)
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where
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In equation (2.6), CS , CP , C⇤
S and C

⇤
P are S and P wave velocities, respectively, that can be

found in Figure 3. C

0
S is a notation that can be expressed in terms of the elastic components C33

and C13 (see Appendix B), and the material density ⇢ as:

(2.7) C

0
S =

p
(C33 � C13)/2⇢,

CS , CP , C⇤
S and C

⇤
P were obtained from experimental measurements of S-waves and P-waves prop-

agated either parallel or perpendicular to the layers (Figure 3), while C 0
S can be obtained by fitting

the Rayleigh wave velocity: comparing the “simulated” Rayleigh wave velocities with the experi-
mentally measured Rayleigh wave velocity, or measuring azimuzally varied P-wave velocities in the
FH medium.

Table 2.2 lists all of the parameters from a fractured garolite sample (Shao et al., 2012) to
solve equation (2.4) and (2.5). Solutions corresponding to the symmetric and antisymmetric waves
were found for the FH medium (the layering and the fracture are parallel). Figure 4 displays the
normalized phase (Figure 4a) and group (Figure 4b) velocities as a function of normalized sti↵ness.
Both the phase and group velocities exhibited similar trends as for the FV medium (Figure 2):
symmetric and antisymmetric interface waves exist with phase and group velocities that range from
Rayleigh velocity at low sti↵ness, to bulk shear wave velocities at higher sti↵ness.

Table 2.2
Parameter values in solving equations (2.4) and (2.5)

Parameters in Medium 1 and 2 Value
f (Frequency: MHz) 0.21

CP (Horizonal P wave velocity: m/s) 2990
CS (Horizontal S wave velocity: m/s) 1418
C

⇤
P (Vertical P wave velocity: m/s) 2271

C

⇤
S (Vertical S wave velocity: m/s) 1402

C

0
S (m/s) 1094

⇢ (Density: kg/m3) 1365

3. Discussion. The existence of fracture interface waves can a↵ect the interpretation of shear
wave anisotropy of a transversely isotropic medium. Using the theoretically derived interface wave
velocities for the FV and FH media, we examined the “apparent” shear wave anisotropy, and
compared theoretical results with experimental results (Shao et al., 2012).

3.1. Shear wave anisotropy. To evaluate shear wave anisotropy, Thomsen (1986) introduced
the following equation in terms of elastic components as (see Thomsen, 1986):

(3.1) � =
C66 � C44

2C44
,

where C66 can be expressed by shear waves polarized parallel to layers and propagating parallel to
layers (which we refer to as a SH wave with a velocity of vSH), and C44 can be expressed by shear
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velocity we are looking for, p and q are expressed as:
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where CP and CS are P and S wave velocities.
The particle displacement can be obtained by:
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Hook’s law is used to relate stress (�) and strain (✏) via elastic sti↵ness tensor C:

(5.5) � = C · ✏,

Voigt’s notation (xx ! 1, yy ! 2, zz ! 3, yz(zy) ! 4, xz(zx) ! 5, xy(yx) ! 6) transformed the
stress and strain tensor (� and ✏) into vectors as
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and C into a 6⇥ 6 second rank tensor (y-axis symmetry for the matrix):
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Then we express normal and shear stress for Media 1 and 2 in the form of displacement as:
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where C11 and C66 can be expressed by wave velocities CS , CP and material density ⇢ as:

C11 = ⇢C

2
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S .

(5.9)



300 S. SHAO AND L. J. PYRAK-NOLTE

Applying the boundary conditions in equation (1) in the body text, 4 linear equations can be
obtained as:
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When A
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(2), we can get the equation for symmetric interface wave field:
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and when A
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where ⇠ = CS/C, ⌘ = CS/CP , normalized normal sti↵ness z = z/!ZS , and shear sti↵ness x =
x/!ZS (ZS = ⇢CS is the shear wave impedance). The symmetric and antisymmetric wave fields
for interface wave are presented in Figure A2.

Appendix 6. Derivation of interface waves for the FH medium. the FH medium
has both the fracture and the layering lying in the x-y plane (Figure 3). The geometry of this
problem is in Figure B1. The derivation process is similar to that for the FV medium (same forms
of wave potential, displacement expression, and boundary conditions). The main di↵erence is from
the elastic sti↵ness tensor for matrix, which now is z-axis symmetric:
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The normal and shear stresses for Media 1 and 2 in the form of displacement are:
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where C33 andC44 can be expressed by wave velocities C⇤
S , C

⇤
P (propagated perpendicular through

layers) and material density ⇢ as (see Figure 3):
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The o↵ diagonal component C13 are more complicated. It relates to azimuthally-varied wave veloc-
ities. For simplicity in this derivation, we express C13 in terms of a notation C

0
S :

(6.4) C13 = C33 � 2⇢C 02
S .

The method to obtain C13 and C

0
S will be introduced in body text (in Section 2). Using the boundary

condition in equation (1), 4 linear equations are obtained:
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When A

(1) = A

(2)
, B
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(2), we can get the equation for a symmetric interface wave field as:
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C is the interface wave velocity, and normalized normal sti↵ness z = z/!ZS , and shear sti↵ness
x = x/!ZS ( ZS = ⇢CS is the shear wave impedance).
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