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SEISMIC IMAGING WITH THE GENERALIZED RADON TRANSFORM:
A CURVELET TRANSFORM PERSPECTIVE*

MAARTEN V. DE HOOP T, HART SMITH}, GUNTHER UHLMANN$, AND ROBERT D.
VAN DER HILSTY

Abstract. A key challenge in the seismic imaging of reflectors using surface reflection data is the subsurface
illumination produced by a given data set and for a given complexity of the background model (of wavespeeds). The
imaging is described here by the generalized Radon transform. To address the illumination challenge and enable
(accurate) local parameter estimation, we develop a method for partial reconstruction. We make use of the curvelet
transform, the structure of the associated matrix representation of the generalized Radon transform, which needs
to be extended in the presence of caustics, and phase-linearization. We pair an image target with partial waveform
reflection data, and develop a way to solve the matrix normal equations that connect their curvelet coefficients via
diagonal approximation. Moreover, we develop an approximation, reminiscent of Gaussian beams, for the computation
of the generalized Radon transform matrix elements only making use of multiplications and convolutions, given the
underlying ray geometry; this leads to computational efficiency. Throughout, we exploit the (wavenumber) multi-
scale features of the dyadic parabolic decomposition underlying the curvelet transform and establish approximations
that are accurate for sufficiently fine scales. The analysis we develop here has its roots in and represents a unified
framework for (double) beamforming and beam-stack imaging, parsimonious pre-stack Kirchhoff migration, pre-stack
plane-wave (Kirchhoff) migration, and delayed-shot pre-stack migration.

1. Introduction.

1.1. Seismic Imaging with Arrays — Beyond Current Capabilities. Much research in
modern, quantitative seismology is motivated — on the one hand — by the need to understand
subsurface structures and processes on a wide range of length scales, and — on the other hand —
by the availability of ever growing volumes of high fidelity digital data from modern seismograph
networks and access to increasingly powerful computational facilities.

Passive-source seismic tomography, a class of imaging techniques (derived from the geodesic X-
ray transform and) adopted from medical applications in the late 1960’s, has been used to map the
smooth variations in the propagation speed of seismic P and S waves below the earth’s surface (see,
e.g., Romanowicz [40], for a review and pertinent references). To image singularities in the earth’s
medium properties one needs to resort to scattered waves or phases. Exploration seismologists have
developed and long used a range of imaging and inverse scattering techniques with scattered waves,
generated by active sources, to delineate and characterize subsurface reservoirs of fossil fuels (e.g.,
Yilmaz [54]). A large class of these imaging and inverse scattering techniques can be formulated
and analyzed in terms of a Generalized Radon Transform (GRT [3, 38, 15, 13, 36, 50, 16, 14, 48])
and its extension [48] using techniques from microlocal analysis.

Recently, while using tomographic models as a background, passive-source seismic imaging and
inverse scattering techniques have been developed for the exploration of Earth’s deep interior. For
the imaging of crustal structure and subduction processes, see Bostock et al. [4] and Rondenay
et al. [42] — here, the incident, teleseismic, waves are assumed to be “plane” waves. Wang et al.
[53] present an inverse scattering approach based upon the GRT to image selected neighborhoods
of Earth’s core-mantle boundary (CMB) using broadband wavefields including the main “topside”
reflections off the CMB and its precursors and coda (generated by scattering off interfaces above
the CMB). Through joint interpretation with data from mineral physics this method enabled the
estimation of temperatures at and near the CMB [51]. In order to increase the extent of the CMB
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region that can be imaged, Wang et al. [52] extended the method to enable GRT-like transforms of
“underside” reflections, sampling the CMB and structures above it from below. In a modification
of this use of underside reflections, Cao et al. [10] used SS precursors (see figure 1) to produce high
resolution images of the upper mantle transition zone discontinuities. Mantle discontinuities near
the CMB and in the transition zone are associated with phase transformations.

The key challenge of applying the GRT to global earth configurations remains the available
data coverage; but the challenge of subsurface illumination also exists in exploration seismology, for
example, in regions with salt tectonics. Indeed, various structures in the earth’s interior have so far
escaped resolution, or discovery, due to restrictions in illumination by (passive) sources and (arrays
of) receivers. In this paper, we assume that the data coverage cannot be improved. Given the avail-
able data coverage on the one hand and the complexity of the background model (expressed in terms
of spatial wavespeed variations) on the other hand, we address the challenge of subsurface illumina-
tion in imaging reflectors from waveform surface reflection data. We develop a method for partial
reconstruction. Our approach makes use of the frame of curvelets and curvelet transform [7, 8, 9, 5],
the associated matrix representation of the generalized Radon transform, which need be extended
in the presence of caustics, and phase-linearization. We pair an image target — focussing on specific
structures (or geodynamical processes) — with partial reflection data, and develop a way to solve
the matrix normal equations that connect their curvelet coefficients via diagonal approximation.

The analysis we develop here has its roots in (double) beamforming, double beam migration
[44, 30] and beam-stack imaging [12, 23], which pose less stringent requirements on data coverage
than the GRT. Seismic data can be sparsely represented by curvelet-like functions [2]. Therefore, the
results presented here shed new light on the concept of parsimonious pre-stack Kirchhoff migration
[27]. Our approach also retains aspects of pre-stack plane-wave (Kirchhoff) migration [1, 31], offset
plane-wave migration [35, 21], and delayed-shot pre-stack migration [55]. For example, synthesizing
“incident” plane waves from point sources has its counterpart in the curvelet transform of the data.

There exists a rich literature on the use of regional (dense) seismic arrays to detect and locate
the origin of scattered energy in the seismic wavefield. Recent reviews of such array processing
techniques are given by, for instance, Rost and Thomas [43] and Rondenay et al. [41]. In general,
these techniques involve some type of beamforming [11]; that is, they assume (or aim to detect)
the wave vector (or the horizontal slowness — related to the angle of incidence and back azimuth)
of the incoming waves, and use this information to separate the coherent from the incoherent parts
of the recorded signal. Implicitly, these methods aim to detect the wavefront set of the scattered
wavefield [39]; this detection can then be used in migration. In beam-stack imaging [23] a region
of the crust is subdivided into sub-areas. For each sub-area to be scanned, the seismograms from
an event suite are incoherently stacked after beam-correcting each trace, computing new beams for
each crustal sub-area, and migrating the results by applying appropriate time offsets, in the spirit
of time migration or geophysical diffraction tomography. Deuss et al. [17] use an imaging approach
through waveform stacking, in particular, of SS precursors: After selecting a bin of scattering (or
image) points, which implies a selection of source-receiver pairs, the authors correct for the moveout
(observed reference arrival times) of SS in the seismic records, and then stack the records at different
slownesses (dependent on the bin) for given (array specific) times relative to the SS arrival time.
(This stacking can be viewed as beamforming.) For this family of imaging techniques, see also
Flanagan and Shearer [20].

Receiver functions and the process of imaging P-to-S converted waves assuming an incident
plane P wave [37] are also related to the subject of this paper. But such analysis is essentially
restricted to imaging beneath continental regionals and isolated islands.

Migration methods have been applied to regional data sets with a weighting factor which depends
on the incident angles of the rays. To this end, the migration operators have been limited to the
Fresnel volume of the reflected ray paths [32] to reduce artifacts caused by truncated wavefield obser-
vations. In this context, the migration operator has been further subjected to slowness-backazimuth
weighting with the aid of Gaussian window functions [29]. The desired artifact reduction is implied
by the rigorous partial reconstruction proposed and developed in this paper.
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FIG. 1. Scatiered rays (broken geodesics) for imaging discontinuities (here the “660” corresponding with a phase
transition at 660 km depth) in Earth’s mantle. (CMB stands for core-mantle boundary.)

The main objective of the research presented here is to be able to extend imaging and interface
characterization with inverse scattering into (geographical) regions where degraded data coverage
no longer justifies the application of a “global” GRT. Moreover, through the (direct) computation
of image curvelet coefficients, our approach enables a careful examination of the different scales
in rapid variation — and, hence, regularity — in medium properties and the processes that shape
them. We develop an approximation, reminiscent of Gaussian beams [28], for the computation and
application of the generalized Radon transform matrix (with respect to curvelets) only making use
of multiplications and convolutions, given the underlying ray geometry. Throughout, we exploit the
(wavenumber) multi-scale features of the dyadic parabolic decomposition underlying the curvelet
transform and establish approximations that are accurate for sufficiently fine scales.

The outline of the paper is as follows. In Section 2 we summarize the extension of the gener-
alized Radon transform viewed as a Fourier integral operator and bring its kernel in a particular
oscillatory integral form. In Section 3 we review the (co-)frame of curvelets and the underlying
dyadic parabolic decomposition, and introduce the relevant matrix classes. We then prove a result
pertaining to the diagonal approximation of pseudodifferential operators (Lemma 3.1) and the com-
putation of their inverses on the range of the curvelet transform restricted to sufficiently fine scales.

To this end, we introduce the symbol class S9 +aq 30d the notion of a “curvelet-like function”. In
3

Section 4 we prove results (Theorems 4.1-4.3) pertaining to matrix approximations to the general-
ized Radon transform. The approximations are characterized by multiplications and convolutions,
the consequence of an underlying separation of variables in phase space of the relevant symbols.
These lead to fast algorithms, and we speak of imaging “in the curvelet domain”. The results of
this section also apply, for example, to the Fourier integral operator representing the parametrix of
the wave equation with smooth coefficients. In Section 5 we introduce a method of partial recon-
struction incorporating “illumination correction” and prove the necessary estimates (Lemma 5.1).
The results of this section can be directly extended to other imaging schemes as long as the canon-
ical relation describing the propagation of singularities by the scheme is locally the graph of an
invertible canonical transformation.
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1.2. Modelling, Scattering Operator. The propagation and scattering of seismic waves is
governed by the elastic wave equation, which is written in the form

(1.1) Pyuy = fi,

where

1
(1.2) u; = 4/ p(x)(displacement);, fi= m(volume force density);,
plx

and

2
(1.3) Py =5il%+Ail+1.0.t. , Ay = _%%lx()x)aixk’
where l.o.t. stands for “lower-order terms”, x € R™ and the subscripts 4, j, k,I € {1,...,n}; p is the
density of mass while c;;z; denotes the stiffnesss tensor. The system of partial differential equations
(1.1) is assumed to be of principal type. It supports different wave types (also called modes), one
“compressional” and n — 1 “shear”. We label the modes by M, N, ...

For waves in mode M, singularities are propagated along bicharacteristics, which are determined
by Hamilton’s equations with Hamiltonian Bj; that is

dx 0 dt

o - b . gmx = b
(1.4)

e 9 dr

U L R S

The Bys(x,€) follow from the diagonalization of the principal symbol matrix of A;(x,£), namely
as the (distinct) square roots of its eigenvalues. Clearly, the solution of (1.4) may be parameterized
by t (that is, A = t). We denote the solution of (1.4) with initial values (xo,&) at ¢ = 0 by
(I'M(an 507 t)v gM(‘T()? 503 t))

To introduce the scattering of waves, the total value of the medium parameters p, c;;p; is writ-
ten as the sum of a smooth background component, p(x), ¢k (), and a singular perturbation,
0p(x), 0¢cijri (), namely p(z) + dp(z), cijri(x) + dcijri(x). This decomposition induces a perturba-
tion of Py (cf. (1.3)),

dp(x) 92 0 dciju(x) 0

Py = 6,2 2 <.
0Fu = o p(z) ot Ox; p(z) Oz

The scattered field, du;, in the single scattering approximation, satisfies
Pil(Sul = —5Pilul.

Data are measurements of the scattered wave field, du. When no confusion is possible, we denote
data by u, however. We assume point sources (consistent with the far field approximation) and point
receivers. Then the scattered wave field is expressible in terms of the Green’s function perturba-
tions, 0G y N (Z, T, t), with incident modes of propagation N generated at & and scattered modes of
propagation M observed at T as a function of time. Here, (Z, 7, t) are contained in some acquisition
manifold. This is made explicit by introducing the coordinate transformation, y — (Z(y), Z(y), t(v)),
such that y = (3/,y"”) and the acquisition manifold, Y say, is given by 3" = 0. We assume that the
dimension of 3" is 2 + ¢, where c is the codimension of the acquisition geometry. In this framework,
the data are modeled by

(5;)_(35)’ 5cijkl§$)) — 0GuNn(Z(Y,0),2(y,0),t(y,0)).

(1:5) o) o
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When no confusion is possible, we use the notation dG v (y').

We denote scattering points by zg; g € X C R™, reflecting that supp dp C X and supp e C X.
The bicharacteristics connecting the scattering point to a receiver (in mode M) or a source (in mode
N) can be written as solutions of (1.4),

T = za(z0,60,1) , T =an(20,80,t)

o~

f = §M(x07é\07?) ) g: SN(:I/'OvaL?) )

with appropriately chosen “initial” a) and §~0, respectively. Then ¢ = t+1 represents the “two-way”
reflection time. The frequency 7 satisfies 7 = —Bjs (29, &o). We obtain
(y(xo,go,&,?,f),n(mo,a),go,f,f)) by transforming (7, 7, ?+££§,T) to (y,n) coordinates. We then
invoke the following assumptions that concern scattering over m and rays grazing the acquisition
manifold:

AsSUMPTION 1. There are no elements (y',0,7",n") with (y',n') € T*Y\O such that there is
a direct bicharacteristic from (i(y’,O),g(y’,O,n’,n”)) to (Z(y',0), —g(y’,O,n’,n”)) with arrival time
t(y',0).

ASSUMPTION 2. The matrix

8 1
(1.6) — 2 has mazimal rank.

d(xo,%0,%0,t,t)

With Assumptions 1 and 2, equation (1.5) defines a Fourier integral operator of order %10
and canonical relation, that governs the propagation of singularities, given by

(17) AMN = {(y/(‘fO?é\OagO»az)»n/(xOvg()agOva%v);anEO + g(]) ‘
Ba(z0,&0) = Bn(0,&) = —7, 4" (0, &0, €0, 1,1 ) = 0}
C T*Y\0 x T*X\0.

The condition y” (xo,Eo,EO,?,?) = 0 determines the traveltimes ¢ for given (xo,go) and ¢ for given
(xo,go). The canonical relation admits coordinates, (y;,xo,n;), where I U J is a partition of
{1,...,2n — 1 — ¢}, and has an associated phase function, ®yny = Pun(y',20,7;). While es-
tablishing a connection with double beamforming, we will also use the notation z* = Z(y’,0),
" = Z(y’,0); when no confusion is possible, we use the simplified notation y’' = (z°, 2", t).

We refer to the operator above as the scattering operator. Its principal symbol can be explicitly
computed in terms of solutions of the transport equation [48]; see also the Appendix. In the further
analysis we suppress the subscripts a7, and drop the prime and write y for ¥’ and 7 for 7n’.

2. Generalized Radon Transform. Through an extension, the scattering operator becomes,
microlocally, an invertible Fourier integral operator, the canonical relation of which is a graph. The
inverse operator acts on seismic reflection data and describes inverse scattering by the generalized
Radon transform.

2.1. Extension. Subject to the restriction to the acquisition manifold Y, the data are a func-
tion of 2n — 1 — ¢ variables, while the singular part of the medium parameters is a function of
n variables. Here, we discuss the extension of the scattering operator to act on distributions of
2n — 1 — ¢ variables, equal to the number of degrees of freedom in the data acquisition. We recall
the commonly invoked

ASSUMPTION 3. (Guillemin [22]) The projection wy of A on T*Y'\O is an embedding.

This assumption is known as the Bolker condition. It admits the presence of caustics. Because
A is a canonical relation that projects submersively on the subsurface variables (z,£) (using that
the matrix operator Pj; is of principal type), the projection of (1.7) on T*Y\0 is immersive [25,
Lemma 25.3.6 and (25.3.4)]. Indeed, only the injectivity part of the Bolker condition needs to be
verified. The image £ of 7y is locally a coisotropic submanifold of T*Y\0.
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Since the projection mx of A on T*X\0 is submersive, we can choose (z, &) as the first 2n local
coordinates on A; the remaining dim ¥ — n = n — 1 — ¢ coordinates are denoted by e¢ € F, FE
being a manifold itself. Moreover, v = ||£||~1¢ is identified as the seismic migration dip. The sets
X 3 (z,&) = const. are the isotropic fibers of the fibration of Hérmander [26], Theorem 21.2.6; see
also Theorem 21.2.4. The wavefront set of the data is contained in £ and is a union of such fibers.
The map 7rX7r;1 : L — X is a canonical isotropic fibration, which can be associated with seismic
map migration [18].

With Assumption 3 being satisfied, we define {2 as the map (on A),

Q: (z,6e) = (y(x,&,e),n(z,§ €) : T"X\OX E—T*Y\0;

this map conserves the symplectic form of 7% X\0. The (z, ¢, e) are “symplectic” coordinates on the
projection £ of A on T*Y\0. In the following lemma, these coordinates are extended to symplectic
coordinates on an open neighborhood of £, which is a manifestation of Darboux’s theorem stating
that T*Y can be covered with symplectic local charts.

LEMMA 2.1. Let L be an embedded coisotropic submanifold of T*Y'\0, with symplectic coordi-
nates (x,€,¢e). Denote L 3 (y,n) = Qx,&,e). We can find a homogeneous canonical map G from
an open part of T*(X x E)\0 to an open neighborhood of L in T*Y\0, such that G(z,e,&, e =0) =
Qz,,¢).

Let M be the canonical relation defined as the graph of map G in this lemma, i.e.
M = {(G(z,,€,); 3, ¢,6,2)} C T*Y\O x T*(X x ENO.

One can then construct a Maslov-type phase function for M that is directly related to a phase
function for A. Suppose (yr,x,n) are suitable coordinates for A. For |¢| small, the constant-¢
subset of M allows the same set of coordinates, thus we can use coordinates (yr,ns,z,&) on M.
Now there is (see Theorem 4.21 in Maslov and Fedoriuk [34]) a function S(yr,xz,n7,€), called the
generating function, such that M is given by

o8 a8
Yy 67’]J ) nr 8y[7

(2.1)
c oo s
- oz N Oe

A phase function for M is hence given by

(22) !p(y7xae777Ja€) = S(y17w777J55) - <nJayJ> + <E,€>.

A phase function for A is then recovered by

!p(y7x7 %'5:[% 77J>O) = 45(3/; CE0777J) .

We then obtain a mapping from a reflectivity function (illustrated in figure 2) to reflection data
that extends the mapping from contrast to data (cf. (1.5)). We recall

THEOREM 2.2. [48] Suppose microlocally that Assumptions 1 (no scattering over ), 2 (transver-
sality), and 8 (Bolker condition) are satisfied. Let F' be the Fourier integral operator,

F: (X xE)—=D(Y),

with canonical relation given by the graph of the extended map G : (x,€,e,e) — (y,n) constructed
in Lemma 2.1. Then the data can be modeled by F acting on a distribution r(x,e) of the form

(2.3) r(z,e) = R(z, Dy, e) c(x),
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F1G. 2. Wavefront set of an extended image, r = r(x,e). The gray surface (singular support) corresponds with
e = 0 and maps into the range of the scattering operator before extension. The transparent surface exemplifies the
extension to € values away from zero.

where R stands for a smooth e-family of pseudodifferential operators and c € E'(X) with ¢ =

dcijul dp ]
p Tp

The operator F' is microlocally invertible. By composing with an elliptic pseudodifferential
operator we can assume without loss of generality that F' is a zeroth order Fourier integral operator
associated to a (local) canonical graph. We recall that for Fourier integral operators the canonical
relations of which are locally the graphs of canonical transformations, we have the property that
their orders equal their Sobolev orders [26, Cor. 24.3.2]

Remark. The operator F' extends the procedure applied in [53, 51] to image, with the adjoint
F*, D" in Earth’s lowermost mantle using core reflected ScS “phases”, their precursors and their
coda, to the generic case admitting the formation of caustics. The e dependence in r(z,e) can be
exploited in a formulation of inference of singularities in the presence of (coherent) “noise” [33].

2.2. Oscillatory Integral Representation. If we have a canonical transformation from a
neighborhood of (g, eg, o, €0) € T*(X x E)\0 to a neighborhood of (yg,n0) € T*Y\0, then one can
choose local coordinates (y, &, €) on a neighborhood of (yo, 70, o, €0, €0, €0) on M [25, Prop. 25.3.3],
that is, M : (y,n,z,e,&¢e) — (y,& ) is a local diffeomorphism. We denote the associated
generating function by S=9 (y,&,¢) and obtain the phase function

(2.4) o(z,e,y,m) = S(y. &) — (€, 2) — (e.¢€)

(cf. (2.2)). In fact, on M locally we can regard n and (x,e) as functions of (y,&,€); then we can

take S(y.&,€) = (n(y. &,€). (2(y. &, €), ey, &,))) [26, Thm. 21.2.18].
We introduce the shorthand notation, z := (x,e), £ := (&), resetting n := 2n — 1, and

S(y,€) = S(y,&2) and B : (2,€) — (y,1) = (S1(w,€), Ta(w,)) corresponding with G(w, e, &, ),
cf. Lemma 2.1. We identify v(z) with r(z,e), and we get, since F is a Fourier integral operator,

(2.5) (Fo)(w) = [ Aly.a)ofo) o

The kernel admits an oscillatory integral representation

(2.6) Aly,z) = / a(y, £) explid(y, z, £)] de,
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with non-degenerate phase function

and amplitude a = a(y,§), a standard symbol of order zero, with principal part homogeneous in
¢ of order 0. With the above form of the phase function, it follows immediately that operator F'
propagates singularities according to the map,

(2.8) (%@) - (y,g—j) ;

which can be identified as ¥. Substituting (2.7) into (2.5)-(2.6) yields the representation

(2.9) (Fo)(y) = / a(y.€) expli S(y, £)] 9(¢) de,

in which S satisfies the homogeneity property S(y,c€) = ¢S(y, &) for ¢ > 0; ¥ denotes the Fourier
transform of v, and d¢ denotes (27)~" times Lebesgue measure.

We remark that the above representation is valid microlocally. In Section 4 we study the action
of operators of the form (2.9) to curvelets. The results for the global Fourier integral operator F
are obtained by taking a superposition of the above representations using an appropriate microlocal
partition of the unity in phase space.

3. Dyadic Parabolic Decomposition and “Curvelets”. We introduce boxes (along the
&1-axis, that is, & = &)
Ly,

I L L n—1
By = |¢— =k, k]x[_k _k} 7

!

where the centers &, as well as the side lengths L} and L, satisfy the parabolic scaling condition
go~2k L ~2F L ~2M? ask — o

Next, for each k > 1, let v vary over a set of approximately 2¢("=1/2 uniformly distributed unit
vectors. (We can index v by £ = 0,..., N, — 1, N, ~ [2F(»=D/2|: v = y(¢) while we adhere to
the convention that v(0) = e; aligns with the & -axis.) Let O, ; denote a choice of rotation matrix
which maps v to e1, and

By =0, B

s

In the (co-)frame construction, we have two sequences of smooth functions, X, 5 and Bu,k» on R”,
each supported in B, j, so that they form a co-partition of unity

(3.1) R0(€)Bo(©) + DD " Run(©)Buk(€) =1,

k>1 v
and satisfy the estimates
(v, 0e)? 92 Rk ()| + | (v, 0e)? 0 Bk (€)] < Cj o 27K/,
We then form
(3.2) Vu(€) = pp 2Bur(€) ) Bur(©) = o P Run(),

with pg the volume of Bjy. These functions satisfy the estimates

inggl } < CNQk(n+1)/4 (2k|<y’ :C>| + Qk/2||:c|| )7N
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for all N. To obtain a (co-)frame, one introduces the integer lattice: X; := (j1,...,jn), the dilation
matrix
1 L 01%n—1 _
Dy =— k < det D = (2m)™"
F 2w < On—lxl LgIn—l ’ ¢ b ( ﬂ—) Ph:

and points x; = @;kD,:lX ;. The frame elements (k > 1) are then defined in the Fourier domain
as

(3.3) B+(6) = pr PRk () expl—i(a;, )], 7= (zj,1,k),

and similarly for @Zv (£). We obtain the transform pair

(3.4) v = [v@T@ = vy(@)

Y

with the property that > /. 1 _; /0y ®y(§) = ﬁ(ﬁ)ﬁy,k(f)x\%k(@, for each v, k.

Remark. If we write v, ,(§) = p,lc/ Qﬁ(f)ﬁy}k(f), the curvelet transform pair attains the form of a

quadrature applied to the convolution,

(3.5) v(z) = Z U * Qg (T)
v,k

This observation can be exploited to obtain sparse approximations, of v, by sums of wavepackets
[2].

We introduce the notation C for the curvelet transform (analysis): v, = (Cv),, and also define
C~ ey} = 322, ¢y¢py for the inverse transform (synthesis). We observe that C~'C = I on L*(R"),

and that CC’ = Il is a (not necessarily orthogonal) projection operator of 62 onto the range of
the analysis operator C. It holds that II1? = II, but II is generally not self- adjomt unless ¥y = 5.
Observe that, as a matrix on E,Qy,

My = (b, 4) -

If A: L?(R™) — L*(R"), then the matrix [A] = CAC~! preserves the range of C, since C'II = C~1,
and IIC = C. In particular, [A]II = II[A] = [A]. Here, and when convenient, we identify operators
on K?/ with matrices.

3.1. Matrix Classes and Operators. Let d denote the pseudodistance on S*(X) introduced
in [46, Definition 2.1]

dw,via V') = |,z — )| + (Vs & — )]

+min{|lz — 2|, & — 2’|} + v = ||,
If v = (z,v, k) and ' = (&', V', k'), let
(3.6) A(vy; ') = 27 ™) 4 q(z, vya! V).
The weight function us(7y,~") introduced in [47] is given by
13(7,7') = (L [k — k|?) 127 (I = klg (b ) min(H) 1) =(r49),

We summarize [47, Definitions 2.6-2.8]. If x is a mapping on S*(R"™), the matrix M with
elements M., belongs to the class M3 (), if there is a constant C(J) such that

(3.7) M| < C0) 2% ns (v x(v)) @ = i€l
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here, x(v) = (x(zj,v), k). Furthermore, M"(x) = Ns>oM5(x). If x is the projection of a homo-
geneous canonical transformation, then by [46, Lemma 2.2] the map x preserves the distance d up
to a bounded constant; that is d(x~'(7),7’) ~ d(v,x(7')). Hence, the transpose operation takes
matrices in M"(x) to M"(x~!). We note that the projection map IT = CC~! belongs to M°(I),
see [47, Lemma 2.9)].

It is also useful to introduce norms on the class of matrices determined by distance-weighted €,2y
norms on columns and rows. Precisely, for &« > 0 and a given Y,

[M]J3,, = sup » 22k Flag2minkK)a (o) y (1)) [ My, |2
vy ’
vy

(38) + SUPZ 22|k7k’|a22 min(k,k )aa(,y/; X(,y))2a |M’Y”Y|2 )

Ty

We remark that any matrix bounded on £2 must have finite (2;0) norm, since this corresponds to
rows and columns being square summable. Additionally, it follows immediately that

(3.9) [M|2.00n <00 = MeMy).
Inclusion in the other direction follows from the proof of [47, Lemma 2.4]
(3.10) MeMix) = |[[M]za < oo.

The technique of (2; &) bounds has been designed for propagation and scattering problems in rough
background metrics (density normalized stiffness), but the Mj conditions lead more directly to
desired mapping properties.

3.2. Pseudodifferential Operators and Diagonal Approximation. Pseudodifferential
operators, of order r, with appropriate symbols are the most important example of operators with
matrices of class M"(I).

Let

Av(z) = ala, Djo(a) = [ explife.€)) (s, a(6) .
where the symbol satisfies, for all j, a, 3,
(3.11) (€, 0¢) 02 0 a(,€)| < Cjap(1+ [l€]) 23171

We denote the class of symbols satisfying these estimates as S9 Thus, a € S9Y raq PrECisely
2 2

rad’
when (£,0¢)7a € SY , for all j. More generally, a € S7 raq Drecisely when (€,0¢)7a € ST, for all
253 R 515
J. Let A be a pseudodifferential operator with symbol in S .. A stationary phase analysis then
5

shows that Ap, = 2" f, where

(3.12) 7€) = 0 %G (6) expl—ia;, €)],
in which g, satisfies the estimates
j Qo —k(j+35|a — — -N
(1, 0e) 08Gu,1e| < Cjran27F0T2ID (1 4 27R (1, €)| + 275/2)1¢ — B, 4|))

for all N, where ||€ — B, ;|| denotes the distance of £ to the rectangle B, j supporting ¥, ;. Such
an f, will be called a “curvelet-like function” centered at v, cf. (3.3). In particular,

(W7, S < C0) (v, )
for all 6 > 0, so that (¢, f-) € MO(I).
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If the principal symbol of A is homogeneous of order 0, ao(x,&) = ao(z,£/||€]]), we have the
following diagonalization result, which is a simple variation of the phase-linearization of Seeger-
Sogge-Stein [45]

LEMMA 3.1. Suppose that A is a pseudodifferential operator with homogeneous principle symbol
ag(xz,&) of order 0. Then

(3.13) Apn = ag(zj,v) oy +272f

where f., is a curvelet-like function centered at vy.
Proof. The precise assumption we need is that the symbol of A equals ag plus a symbol of class

1
2

1

5,7‘(1

S

;- The terms of order —3 can be absorbed into f,, while

ao(z, D)y (z) = 0;1/2 /exp[i@ —x5,&)]ao(x, §) X,k (§) dE.

For convenience we assume that v = (1,0, ...,0) lies on the & axis. By homogeneity, ag(z, &) =
ao(x,1,£"/€&1), where £’ = (&,...,&,). We take the first-order Taylor expansion on a cone about
the & axis, that is,

ao(x,1,£" /&) — ao(zj,v) = bi(z,8) - (x — z;) + ba(x, &) - €' /&1,

where b; and by are smooth homogeneous symbols. The term with £”/&; is bounded by 2-k/2 on
the support of X, and preserves the derivative bounds (3.12) on X, with a gain of 2-k/2 The
term by - (z — x;) leads to a contribution

i [ explite 23, 6)] De (. )%0al€) e,
which also yields a curvelet-like function of order f%. 0

In (3.13) we write r., = 2_’“/2]‘7. Taking inner products with 1., yields
(3.14) (Al = ao(xj, V) My + (U, 7y

If A is elliptic, we have uniform upper and lower bounds on the symbol ag(z,€), that is C~! <
lag(z,€)| < C for some positive constant C. By (3.14) we then have

(3.15) ao(j,v) Al = Iy € MT3(I).
Also, by (3.14),
|ao(zj,v) = (10, 04) Al | < C27H/2,
It follows that (3.15) holds with ag(x;,v) replaced by the normalized diagonal
Dy = H%l [Aly+

after modifying [A],,, if necessary, by terms of size 27%/2 to allow for the possibility that the
diagonal elements of [A] may vanish for small k.

We remark that (3.15) also holds with ag(z;,v) replaced by ag(2’;,v’). (The latter appears from
applying the procedure of diagonal approximation to the adjoint of A.) This follows by (3.14) and
the fact that

|ao(x5,v) — ao(z}, V)| < O (|l — | 4 v — V) < Cd(:lcj,u;x;.,ul)lﬂ,
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hence the commutator (ag(x,v') — ao(z;,v))IL, - belongs to M~3(I). As above, it then follows
that

(3.16) D;,l (Al =Ty + Ry, Re M 3(I).

While A need not be invertible, (3.16) implies that one can invert [A] on the range of C re-
stricted to k sufficiently large. Precisely, let Iy be a collection of indices v. We denote by 170
the multiplication operator (diagonal) on E,zy that truncates a sequence to I'y. Then IT7o = I 170
is an approximate projection into the range of C, with rapidly decreasing coefficients away from
Ty. In practice, it is desirous to take 17°, at each fixed scale k, to be a smooth truncation to a
neighborhood of Iy, such that | 110 — 1$?| < Cd(y,7)"/? . In this case,

(3.17) (10— 170, e M3,

so that 170 preserves the range of C at any fixed scale k up to an operator of norm 2-%/2, hence
the difference between I17° and 170 is small on the range of C for large k.
If we multiply (3.16) on the right by 11°, and use that R = RII, then

DA =T117° 4 R17° = (I + Ro)IT"°,

where Ry is the matrix R restricted to the scales k occuring in Iy. Hence, if Iy is supported by k
sufficiently large, then I + Ry can be inverted, and

(I +Ro)"*D71[A]170 =110,

using a Neumann expansion. To leading order the inverse is diagonal. We will exploit this re-
sult in Section 5, while solving the normal equations derived from the composition F*F', yielding
“illumination correction” and partial reconstruction of the reflectivity function.

4. Generalized Radon Transform Matrix Approximation. We consider the action of
the generalized Radon transform operator F' on a single curvelet, that is v = ¢, in (2.9),

(41) (P )W) = 5" [ Rn(©) expli (5) ~ (€2, e
With the outcome, we can associate a “kernel”

(4.2) Avk(y, x5) = (Foy)(y) -

The infinite generalized Radon transform matrix is given by
(43) Pl i= [T F ) ) dy = [Tl Aus(n;) dy.

We then have F' = C~1[F]C.

We seek an approximation of F¢. via expansions of the generating function S(y,{) and the
symbol a(y, &) near the microlocal support of ¢.,. The first-order Taylor expansion of S(y, ) along
the v axis, following [45], yields

08

(4.4) S(.6) — (€.2) = <s, ) - zj> (.6,

where the error term hy(y, ) satisfies the estimates (3.11) on the {-support of X, x. Consequently,
expliha(y, €)] is a symbol of class S vaq I € is localized to the rectangle B, supporting Xy,
PR
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We introduce the coordinate transformation (note that v depends on k)

y— Tor(y) = g—?(y, V).

If b, i (x,€) is the order 0 symbol
by (@, €) = (a(y, &) expliha(y, )] )| _p-1,y
then
(Foy)(y) = [bui(z, D) | e=Ty 1 (y)"

This decomposition expresses the generalized Radon transform operator as a (v, k) dependent pseu-
dodifferential operator followed by a change of coordinates, also depending on the pair (v, k). This
decomposition can be used to show that the matrix [F] belongs to M°(), where ¥ is the projection
of the homogeneous canonical transformation ¥ (cf. (2.8)) to the co-sphere bundle; see [6]. (See also
Theorem 4.3 below.)

We use an expansion of the symbol and phase of the oscillatory integral representation to obtain
an approximation for the generalized Radon transform matrix elements up to error of size 27%/2;
more precisely, the matrix errors will be of class M*%(X). The principal part ag(y, &) of symbol
a(y, £) is homogeneous of order 0. Following Lemma 3.1, we may replace ag(y, §) by either ag(y, v)
or ap(y;,v), where

oS
Lj = a_f(ijy) = Tv,k(yj)a

with the effect of modifying the generalized Radon transform matrix by a matrix of class M3 (x)-

The symbol ha(y, £) is homogeneous of order 1 and of class S9 raq O1 the support of X, ., whence
5

we need account for the second-order terms in its Taylor expansion to obtain an approximation
within order —%. The relevant approximation is to Taylor expand in £ in directions perpendicular
to v, preserving homogeneity of order 1 in the radial direction; this is dictated by the non-isotropic
geometry of the second-dyadic (or dyadic parabolic) decomposition.

For convenience of notation, we consider the case that v lies on the & axis. Then (compare

(4.4))

S 1
)+ 5

Sy, 61,E") = 15y 1,67 f€) = ¢ Z—g

(y7 V) + h3(y7§)7

1
where h3(y,§) € Sé 2 I € is restricted to the support of X, ;. Replacing the symbol explihs(y, &)]

by 1 changes the matrix by terms of class M~3(x), as in the proof of Lemma 3.1. Consequently,

up to errors of order f%, one can replace the symbol a(y, &) exp[ihz(y, )] on B, by

72

- 02:S(y,v)] 18,,.(€)

with 1p,, asmooth cutoff to the rectangle B, x supporting X, .

The exponent separates the variables y and £, and is bounded by a constant, independent of
(v, k). Approximating the complex exponential for bounded (by C) arguments by a polynomial
function leads to a tensor-product representation of the symbol:

a(y,v)expli5 & '€

N
a(y7 V) eXp[l % é—;]é—l!z . 352/15(% l/)] R~ Z a;;l/,k(y) az;v,k(é‘)’
s=1
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To obtain an error of size 27%/2 requires CN /N! < 27%/2 or N ~ k/logk:
THEOREM 4.1. With N ~ k/logk, one may express

N
(45) (FSD'V)(y) = Z al;u,k(y) (agw,k * 90’)/) o Tu,k(y) + 27k/2f7’

s=1

where f. is a curvelet-like function centered at x ().
An alternative approximation starts with replacing a(y,§) or a(y,v) by a(y;,v) with y; =
one may replace 51_15”2 .

T, n(z;) (and v = (z;,v,k)). Similarly, up to an error of order —3,

852,,5(31, v) by 71" 852,,5(%, v). Consequently, replacing b, i (z, ) by the z-independent symbol

72

by(€) = aly;,v) expli5 &€ - 920 S(yj,v)] 15, (€) = @, (8),

modifies the generalized Radon transform matrix by terms in M3 (x). Precisely,
THEOREM 4.2. One may express

(4.6) (Foy)(y) = (o # 9q) o T () + Z_k/2fv

where f. is a curvelet-like function centered at x ().
This is a generalization of the geometrical, zeroth-order approximation of the common-offset
realization — valid in the absence of caustics — of the generalized Radon transform considered in [19].

The change of variables 7T}, ; can also be suitably approximated by a local expansion of the
generating function about (y;, ). This requires an approximation of the phase (¢, g—?(y, V) —x;) up
to an error of size 27%/2 (cf. (4.4)), which is accomplished by taking the second-order expansion in
y about y;. Precisely, we write

0S 028 1 938
a—g(y,V) —xj = @(yj#) (y—wyj) + 3 W(%”) (y—y;)?
(47) +h3 (ya V)?

where h3(y, v) vanishes to third order at y = y;, and hence & - h3(y, ) leads to terms of order 27%/2
as in Lemma 3.1. The first two terms on the right hand side of (4.7) are exactly the quadratic
expansion of T, about y = y;.

In the expression ¢ - %(yj, v) - (y —y;)? the terms in & perpendicular to v are of size 2¥/2 as

opposed to 2F for the component of & parallel to v, hence lead to terms of size 27%/2. This allows
one to replace the third-order derivative term by the quadratic expression

1 0%S
3 [V' W(yj’y) (y - yj)Q] v
1 [825

(4.8)
8_y2<yj’1/> (y — yj)Q} v=0Qy-(y—y;)°

T2

with y; = T;,i (x;) (and v = (zj,v, k)) as before:
THEOREM 4.3. One may express

(4.9) (Foo)(y) = (@ * i) o [DT, - (y = y5) + Qy - (y — )" + 272 £,

where f, is a curvelet-like function centered at (x(7), k).

Here, the affine map DT, = 8%;'ﬁ(yj) = %(yj, v) can be decomposed into a rigid motion and

a shear. The shear factor acts in a bounded manner on the curvelet, in that it preserves position
and direction; see also [19].



GENERALIZED RADON TRANSFORM AND CURVELETS 107

The contribution Q- (y—yj)2 captures the curvature of the underlying canonical transformation
applied to the infinitesimal plane wave attached to ¢,. As with the shear term it acts in a bounded
manner on a curvelet, and can be neglected in a zeroth-order approximation. This is the case in [47],
where rigid approximations to 7}, j, were taken. Both shear and curvature terms must be accounted
for to obtain an approximation up to errors of size 27%/2.

The expansion in Theorem 4.3 is analogous to the Gaussian beam expansion for isotropic wave
packets evolving under the wave equation, that is, if I were the forward parametrix of the wave
equation. A Gaussian beam is frequency localized to a ball of diameter 2¥/2 in ¢, and in the
Gaussian beam expansion one considers quadratic expansions in £ about the center &, of the packet.
For curvelets, the support is of dimension 2* in radial directions, and the approximations to the
phase must preserve homogeneity in the radial variable.

Remark. The matrix [F*], essentially, provides the means to perform generalized Radon trans-
form imaging entirely in the curvelet domain (that is, “after double beamforming”). In this con-
text, “beam stack migration” can be understood as “scanning” the magnitude of (F d,,,u) =
2 (0o, Fo ) uy = 3 F ¢y (20) uy as a function of zo.

5. Partial Reconstruction. In applications, the image will admit a sparse decomposition
into curvelets. Suppose the goal is to reconstruct the image contribution composed of a small set
of curvelets (a “target”). The aim is to reconstruct this contribution by the available acquisition of
data with the least “artifacts” (hence curvelets).

Let v denote a model of reflectivity, as before, and w its image, interrelated through w = F* Fv.
We write

N = F*F,

so that [N] = [F*][F]. The operator N is a pseudodifferential operator with polyhomogeneous
symbol of order 0; in particular N has homogeneous principal symbol of order 0, and the results of
Section 3.2 apply to V.

We describe a target region by the set of indices Ij. Our resolution-illumination analysis is
thus focused on the product [N]II70. The acquisition of data is accounted for by II¥ = IT11°, where
S stands for the (finite) set of curvelets that can be observed given the acquisition geometry. The
resolution is thus described by the operator, and matrix,

N=F*C'15CF, [N]=I[F*|1°[F] = [F*]I%[F],

and the normal equation to be solved, yielding the partial reconstruction, is given by []\Nf ]Cv =
[F*] 118 Cu where TI°Cu represents the observed data. The set S is assumed to contain a suitable
neighborhood of x(Iy), in that d(7, x(70)) > 2% for v € §¢ and 7y € I at scale k. (Otherwise,
Iy, or S, need to be adjusted.) The matrix [N] then approximates the matrix [N] near Iy in the
following sense:

LEMMA 5.1. Let

Ay = guf 2R R x(o))

Then for all o, and m arbitrarily large, there exists a constant Co . such that

I[N = [NDIT a0 < Can AR

Proof. Since [F*]Il = [F*] and [F]II = [F], the matrix [N]II'0 — [N]II'° takes the form

> [F ) 150 [Fyr 129

!
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The sum is dominated by

Com Y ms(X(0):7") 150 s em (Y, (7)) 112
,y//

We use the bound ji51m (7", x (7)) < AR s (v, x(7')) and [47, Lemma 2.5], together with invari-
ance of the distance under x, to bound the sum by C(;,mA;;”,ug(%v’ ). The result follows, since
lees (s 2,a S1if 6> a. O

Finally, we explore the invertibility of [N ] on the range of II7°. To this end, we introduce an
intermediate index set I'y with Iy C I't C x~1(S), for which Ap, ~ Ap,, and with

(5.1) LI — I a0 S AR

~

for m arbitrarily large. For v in a set containing I, then HN lvy — [N ]W| < 1. We introduce the
inverse diagonal,

—1
Yy

D;l = 1Ly [N]
for v near I, and smoothly truncate B; ! to 0 away from I';. Then
DYNIO =11 + R,

where ||R||2,o < 11if Ap, is sufficiently large, depending on the given c.

If I’ were a true projection then we would have R = RII'*, and applying (I + R)~! would
yield the desired inverse of [N ] on the range of II'*. In the case of the approximate projections IT7°,
II'", one can obtain an approximate inverse against IT1/°. We write

(I+R)“'DYN I = 1 + (1 4+ R)~ Y@l — 1oy,
By (5.1) this yields
(I+R)"'D NI’ =11' + R,

where ||§||2a < 1, provided Ar, is sufficiently large, depending on the given «. Thus, by applying
(I + R)’15*1 to [F*]TISCu, we obtain the desired, approximate, partial reconstruction of the
reflectivity function, where C has replaced the notion of double beamforming, and [F] and [F*] can
now be replaced by their approximations developed in the previous section.

Remark. In practical applications, R and R are neglected. In general, with limited illumination,
the diagonal elements [N],, have to be estimated numerically through “demigration” followed by
“remigration” against II7°. In the case of full illumination, the diagonal elements can be directly
approximated using (3.14). For an optimization approach to solving the normal equation, in this
context, see Symes [49] and Herrmann et al. [24].

Remark. The image of a single data curvelet is naturally given by w = F*¢, = Z'v’ [F*]yy

whence w., = [F*],.,. From the fact that the matrix [F*] belongs to M%(x™!), it is immediate
that for « arbitrarily large (cf. (3.8))

Z 22|k7k \a22min(lc,k )aa(,y/; Xﬁl(’}/))za |[F*]’Y”Y|2 <C
v

illustrating that the curvelet decomposition of the data eliminates the “isochrone smear” associated
with imaging individual data samples.
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6. Conclusion. The results presented in this paper essentially provide a novel approach to
imaging, based on the generalized Radon transform, replacing the notions of “plane-wave migra-
tion” and “beam-stack imaging” by matrix approximations using curvelets on the one hand, and
addressing the problem of partial reconstruction on the other hand. However, the results presented
in Section 3.2 apply to general, elliptic, pseudodifferential operators, while the results presented in
Section 4 pertain to all Fourier integral operators (of order zero) the canonical relation of which is
(locally) a canonical graph.

Acknowledgment. The authors would like to thank A. Deuss for stimulating discussions on
beamforming.

Appendix A. Amplitudes, Reflecting Interfaces.
We introduce 7 = 4(7+ 7) and 7 = 7 — 7; it is immediate that

(Al) (x0720aa)a£%v) = (Ian/I’y/lanfh%)

is (locally) bijective. Thus, for y” = 0 and 7 = 0 we can express (207 Eo) as functions of (y},zo,n’).
The amplitude associated with Ap;n, to leading order, can be written in the form

— (2 _nilic i < d ta(?ﬂ\ag’t) e det 8(1.07507507%\7?) 12 1
= (2m) ea/// ea Lyl oy T 472"
(y Y ) (anyI’y 777J7T) y!'=0,7=0 T

With Assumptions 1 and 2, equation (1.5) defines a Fourier integral operator with canonical
relation Apsn, and of order ";i"i; we have

SGan(y) = (2m)~F 2= / / bar (4 20,7)

6,0(1,') 5Ci'kl(x)
/ / / / J
WMN;0\Y1, 2,7 WMN;ijki\Y1, T, 7]

(AS) eXp[i ¢]V[N(y/a Zo, 77{])] ded’I’]{],

in which w stands for the contrast-source radiation patterns derived from the pseudodifferential
operators that diagonalize the elastodynamic system of equations (1.1).

We assume that (épe, %ﬂ) are described by conormal distributions. We consider here the case

of a single interface, and a discontinuity in (6p, dc;jr1) across this interface. (The interface can be
viewed as an edge or boundary layer with a certain regularity.) Let x : R™ — R™ =z — 2z be a
coordinate transformation such that the interface is given by z, = 0. The corresponding cotangent

vector is denoted by ¢, and transforms according to (;(z,§) = ((%)*l)ﬁjfj; the z form coordinates

on the manifold X and we write z = (2, 2,). We introduce the distributions (3p, (50/;;) by pull
back with «:

—~—

(A.4) Sp(r(x)) = Sp(x) ,  dei(k(x)) = dcijm(x)
Then
0 ~ 0z ) ;0 =
5 op = o p +lot.,, with p' = o op,
B¢

and similarly for =545, We substitute (A.4) into (A.3), and insert the identity

1 _ . .
m (V . 81) eXp[l@MN} = eXp[l@MN],
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for an appropriately chosen 7 € S"~!. Integration by parts then leads to replacing dp(z) in (A.3)

by
S G N (0. [ G B ‘%n
1(178T45MN) ox (I/z Oy QMN

(A.5) with v =v, =

/

1
Oz,

8zn Ozn
oz’

to leading order, and similarly for dc; ;i (x ) If p' is associated with a jump discontinuity7 it contains

a factor §(z,(z)). We note that then [(- Ha—zﬁ-Hé (zn(z))dz = [, _4( ) |det BI’ Ha—zﬂ-H dz’

becomes the Euclidean surface integral over the surface or mamfold zn = 0. The expression between
brackets in (A.3) becomes

i 1
(Vz 8z¢MN(Z//a$77lf])) p(x)
/ N / N 0zn,
w0 Yy, z,my) P+ wMN;ijk:l(y[axa n7) Cijkl or

in the case of a jump discontinuity, this expression can be written in the form
21 )) Ry (Y, z,17)0 (20 () ||%EH matching the Kirchhoff approximation (we note that in fact
Oz PvnN = (02 Pun) Yy, 2, 17)).

Remark. The discontinuities in Earth’s mantle (transition zone and D”) are associated with phase
transformations, whence conormal distributions representing contrasts appear naturally [53, 51, 10].

For the Born approximation the function r(z, e) in Theorem 2.2 is given by a pseudodifferential

operator R with principal symbol
(2iT(z, &, )" Hwmno(z, &, €), warnsijri (2, €, €)), acting on the distribution ¢ given by (6—61)&, %)3)7
so to highest order

(A.6) r(xz,e) = (21T($,DI,6))71

op(x
wrrN;0(2, Dy, 6)% + wrrnijki (2, Dy, €)

5Cijlcl (Z‘)
plz) |-

Moreover, one can introduce an amplitude b(yy, x, 17, €) on canonical relation M such that b(yr, z,n;,e =
0) coincides with the amplitude in (A.2). To leading order,

0
— b=
Oe 0

because the coordinates €; are in involution. The amplitude of F', to leading order, is then given by

(2m)"/ 2217 (n)b(yr, 2,0, €)

expressible in terms of the coordinates (x,e,¢&, €).
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